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Scaling limit for branching particle system
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Branching Brownian motion: integral equation

@ Branching rate: 8 > 0; offspring distribution: {pj :€ N}.

@ 7, : the point process formed by the position of all particles alive at time ¢,
i.e. Z;:= ZueM dz,(t), where N is the set of particle alive at time ¢ and
Z,(t) is the position of u € N;.

o M,(R): set of finite point process in R. For any function fand u € M,(R),
define (f, p) := [, flz
@ For any bounded non—negatlve Borel function f, set

Py, (exp {~ (1, Z)}) = exp { ~u/(t,2)}.

By considering the first splitting time and branching property,
e—uf(t71:) _ e—ﬁtH f(Bt / Be BSH <Z pk( t s, Bs)>k> ds
=: ¢ P, (e_f(B‘)) +/ Be AL, (g (e_“f(t_s’BS)>) ds
0
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Scaling limit for branching particle system

Branching Brownian motion: integral equation

@ For 0 < r < t, replacing (¢, z) by (¢t — r, B,) yields that

e~ (t-1.B,) _ e P11, (e—f(B,,_r))

# [ et (o (e ) a

Note that 1 — e At = f(fﬂe_ﬂ(t_r)dr, we get the following integral equation:

e =11, () 4 / I, (¢ (om0 ) ds. (1)
0

where ¢(z) := B (g(z) — ).

o For a general branching Markov process of which the branching rate and
offspring distribution can be spatially dependent, we can also have the similar
integral equation as (1).
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Scaling limit of branching Brownian motion

@ Suppose that there is a sequence of branching particle systems
{(Zik)’ t2 O’PLk)’ ke € Ma(R)> , k=1,2, } such that for every k, Zik) is

a branching Brownian motion with ng) = ku, branching rate §; and the
generating function of the offspring is given by gx(z). Let Xﬁk) = kilZik).

@ Define
k
P (exp {~ (£ X)) = exp { (2.},
then by (1), let u = k=15, we see that ué(t, x) solves the equation

ek e (efk‘lf(Bt)>

+ /Otﬂz (@c (gk (6*}“_1“{’“75’38)) i BS)>) "
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Scaling limit for branching particle system

Scaling limit of branching Brownian motion

o Let vl (t,2) := k(l - e"fl“{c(m)), then vf(t,z) is the unique solution to

t
vl (1, 2) = HIL, (1 - e—k’lﬂBt)) - / IL, (¢x (vt — s, By))) ds,
0
where ¢(2) == kBj, (gu(1 — k7 12) — (1 — k7 12)).

@ In Li's[1, Section 4.2] book:

Condition 4.2: For each a > 0, ¢x(2) is Lipschitz with respect to z uniformly
on [0, a] and ¢x(2) — @(2) uniformly on [0, a].

@ When ¢y is spatially dependent and R is replaced to a Lusin topological
space F, i.e. Eis homeomorphic to a Borel subset of a compact metric
space. Condition 4.2 is modified as:

Condition 4.2": For each a > 0, ¢x(z, 2) is Lipschitz with respect to z
uniformly on E x [0, a] and ¢g(z, 2) — ¢(x, 2) uniformly on E x [0, a].
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Scaling limit for branching particle system

Scaling limit of branching Brownian motion.

@ (i) [1, Proposition 4.3.]: If ¢y, satisfies Condition 4.2., then ¢(z) must has
representation

¢(2) = az+ B2 + /Ooo (7" — 1+ uz) v(du), (2)

where @ € R, 8 > 0 and v is the measure supported on (0, c0) with
I~ (un v?)v(du) < oo.

e [1, Proposition 4.5.]: Moreover, for each T > 0 and non-negative bounded
function f, ué(t, x) and vi(t, x) converges uniformly on [0, 7] x R to the
unique locally bounded positive solution (¢, z) — Vf(x) of the evolution
equation

Vifla) = L, (f(B) — / I, (6( Vi of(B.))) ds. (3)
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Scaling limit for branching particle system

@ [1, Theorem 4.6.]: Let M(R) be the set of finite measure on R. For any
1€ M(R), let Q™ be the law of Poisson random measure (PRM) on R with

intensity ku, also define IP’Eﬁ)) by Pgﬁ)) fM (k) ~)Q(k)(d77), then
k k
Py (exp {~(£ X }) = exp{—%(tw)w)}

and thus {Xik),]P’gi))} fﬂj) {X,P,}.
(i) [1, Proposition 4.4.]: For every ¢ having the form (2), we can find ¢y,
satisfying Condition 4.2.

@ When the Brownian motion is generalized to Borel right process (see e.g. [1,
Definition A.18.]) in a Luzin topological space (&4, 1I1,), also the branching
mechanism ¢y, can be spatially dependent satisfying Condition 4.2.", similar
scaling limit can also be obtained.
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Definition for superprocess with general (local) branching mechanism

Overview

© Definition for superprocess with general (local) branching mechanism
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Definition for superprocess with general (local) branching mechanism

Definition

Suppose that (&, 11,) is a Borel right process in a Lusin topological space E.
Let M(E) be set of finite measure on E.
The branching mechanism ¢(z, z) is defined by
oz, 2) = a(z)z+ B(2) 2 +/ (7™ — 14 uz) v(z, du),
0

where o > 0 and 3 are bounded function on E and (uA u?)v(xz,du) is a
bounded kernel from E to (0, c0).

Suppose that K = {K(t) : t > 0} is a continuous admissible additive
functional of £, i.e. (i) K(t) is a continuous additive functional of &; (ii) for
each t, w — K(t,w) is measurable with respect to o (&, s > 0); (iii)

sup,e g1, (K(t) =0, t— 0.

A continuous Fi-adapted increasing process K(t) is called a continuous
additive functional of £ if K(0) = 0 and for every bounded F;-stopping time
T, it holds that K(T+ ) = K(T) + K(t) o 6.
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Definition for superprocess with general (local) branching mechanism

Definition

Superprocess {(Xt)>0; Py, pp € M(E)} is an M(E)-valued Markov process such
that for any non-negative bounded measurable function f,

P, (67<f’Xt>> — e*(‘/tf,lt), t>0, (4)

where (t,z) — Vif(x) is the unique locally bounded non-negative solution to

Vifla) + 10, ( / ¢<vt_sf<fs>>f<<ds>) _IL(fe)), t>0,z€E.

@ [1, Theorem 2.21. below]: X; is also called Dawson-Watanabe superprocess/
(&, K, ¢)- superprocess. When ¢ is BM, K(¢) = t and ¢ is homogeneous, i.e.
¢ is independent to z, we call X by super-Brownian motion.

@ [1, Section 2.1.]: (4) is called regular branching perperty, which is implies
branching property: the semigroup @Q; of X; satisfies
Qe(p1 + p2, ) = Qe(p,-) * Qe(p2, ) for all t > 0, 1, pio € M(E).
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Markov property/ Mean formula/ N-measure/ exit measure

Overview

© Markov property/ Mean formula/ N-measure/ exit measure
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Markov property/ Mean formula/ N-measure/ exit measure

Markov Property

o Let F;:= 0 (Xs, s < t), then for every positive bounded Z € o (X, : s > 0)
and p € M(R),

Py (Zoby |F) =Px,(2), Py, -as.

@ By Markov property and the definition of V7, we see that for every positive
bounded function fand t,s > 0,
7))

Vigsflz) = —logPs, (e*ﬁxwﬁ) = —logPs, ([P&I (e*<f,Xt+s>

= —logPs, (¢~ (VIOXD) = v, (V) (a),

which implies that Vi s = V, V. {V, t > 0} is called cumulant semigroup.
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Markov property/ Mean formula/ N-measure/ exit measure

Mean formula

In this part, we only consider the case that K(t) = t.

e For any non-negative bounded function f,

0 0
— _ 1 —0£X0) ) — (1

o Let Tyf(z) := limg a% Vi(0/)(z), then it is easy to see that T;f(x) solves
equation

t
1) + 1 ([ (604) T le)as) = ILE)
with ¢'(z, z) := a%qb(x, z), which is equivalent to

Tifiz) = B, ((f, X)) = 1L, (& ¥ €©00%(gy) )
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Markov property/ Mean formula/ N-measure/ exit measure

Infinitely Divisible

The following statement in this page comes from [1, Section 1.4.].
@ For a random measure X on E, we say X is infinitely divisible if for any £,
there exist iid random measures Xi, ..., Xj such that Xg Xi+ ...+ X

@ By Li[l, Theorem 1.36.], there exists a measure A on E and a measure L on
M(E)° := M(E) \ {0} such that for any non-negative bounded function f,

) enftn ] (-],

here fM(E)O(l A (1,n))L(dn) < co and (A, L) is unique.

e Taking f= 6, we see that —logP (X = 0) = limg_, o (A{1,\) + L(M(E)®)).
Thus, if P(X=0) > 0, then A =0 and L(M(E)°) < cc.
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Markov property/ Mean formula/ N-measure/ exit measure

Entrance law

@ By branching property, for each z € E and ¢, X; under Ps, is infinitely
divisible.
@ Assume that Py, (X; = 0) > 0, then for every x € E, ¢t > 0,

e~ Vif(®) — Ps, (e_<f’Xf/>) = exp {—/ » (1 — €_<f’n>> Ly (z, dn)} )
M(E)°

where Ly(z, M(E)°) < oo.

o Define QS := Qt|M(E)°' Then by Vi s = V;V,, we get that

Lipa(z,”) = / Lo, dp) Q5 (1 ). (5)
M(E)°

We say that {L(z,-), ¢ > 0} is the entrance law for Q3 if (5) is satisfied for
any s, t> 0.
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Markov property/ Mean formula/ N-measure/ exit measure

N-measure for superprocess

@ Li[l, Theorem A.41]: Let
D :={w= (w)>0: wis an M(E)-valued cadlag function on [0, c0) }.
Suppose that Ps, (X; = 0) > 0 for every t > 0 and z € E, then under Ps_,
there exists a unique o-finite measure N, supported on WBL C D such that
forall0 <t < ... < ¢, and all n1,...,m, € M(E)°,

N, (wtj edn;,j=1,.., n)
= Ly, (w,dmy) Q% _y, (m1,dn2) .. Q% ¢ (Nn—1,d0n). (6)

Here for any w € W, w is a cadlag function on M(E), w; = 0 when
t # (0,¢(w)) for some ¢(w) > 0 and w; # 0 when ¢ ¢ (0, (w)).

o {N,:z€ E} is also called Kuznetsov Measure/excursion measure. See also
Dynkin and Kuznetsov [2, Theorem 1.1.].

@ For the homogeneous case and K(t) = ¢, if Grey's condition is fulfilled, i.e.
7 ¢(2)71dz < 0o and ¢(c0) = oo, then Ps, (X; = 0) > 0 for every ¢ > 0.

o We see that N, (1 — e~} = —logPs, (e~ X0) = Vif(2).
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Markov property/ Mean formula/ N-measure/ exit measure

Entrance rule

@ If we do not have the assumption Ps, (X; = 0) > 0, then we can only get that

Vif(z) /f +(z, dy) —|—/M 1—6 ">> Ly (z,dn).

Therefore, it only holds that Ly s(w, ) > fM(E)O Lg(z, dp) Q2 (1, +), in which
case Ly(z,-) is called entrance rule.
@ By Li[l, Theorem A.41.], in this case, there still exists a family of o-finite

measure {N,, z € E} but on a larger space W such that (6) holds. Here for
any w € W+, wis a cadlag function on M(E) and w; # 0 when

t € (a(w),(w)) for some a(w) < {(w) and w; = 0 when t ¢ (a(w),((w)). It
will not always hold that a(w) = 0. Also, we could only have that
N, (1 — e ) < Vif(a).
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Markov property/ Mean formula/ N-measure/ exit measure

Branching exit Markov system

@ Consider a BBM starting from a single particle at site x at time r, whose law
is denoted by P, ;. Also, let @ C [0,00) x R be an open subset such that
(r,x) € Q.

@ The exit measure on @ is defined by

XQ = Z 5(751:7741:)’
i=1

where (t;, y;) is the first time-space position for the BBM hitting Q°.

@ When Q= Q;=10,t) x R and r=0, it is clear that (X¢,,Py ) is a BBM.

o A similar integral equation for e~/X@) can be obtained and similar idea for

the scaling limit from branching Markov process to superprocess, we can
define the exit measure for superprocess. More details for the proof can be
found in Dynkin[3, 4].
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Markov property/ Mean formula/ N-measure/ exit measure

Exit measure for superprocess

@ Let S:=[0,00) X E. Define O by the class of open subsets of S.

e Dynkin[3, (1.8), (1.9) and Theorem 1.1]: Let H be the class of bounded
non-negative measurable function fin S whose support is in [0, a) x E for
some a > 0. Assume that K(?) fo 5,&s)ds and some other weak
conditions on &, K and ¢.

@ There exists a family of random measures (X¢,P, : Q@ € O, u € M(S)) such
that for every 1 € M(S) and f€ H,,P, (e X)) = e~ (Vi)

V}?(s, x) is the unique positive solution of the equation

, where

VR(s.0) + s [ 06 V(. 6)) KU = Tafin o),

with 7 :=inf {r: (r,&,) ¢ Q}.

@ X is unique in the sense of distribution.
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Markov property/ Mean formula/ N-measure/ exit measure

Exit measure for super-Brownian motion

@ Special Markov property (Dynkin [3, Theorem 1.3.]): let F¢ be the o-field
generated by X¢, @ C @, and F be the o-field generated by
Xgr, Q C Q", then for every positive bounded random variable Z € 7% and
€ M(S), it holds that
W (Z|Fq) =Px,(2), P,—as.

@ Mean formula for exit measure (see Dynkin [3, (1.20)]): for every positive
bounded measurable function fin S, p € M(S) and every @ € O,

P (X)) = [ Ty (&7 #@00M 7)) (ar o),

where 7 := inf{t: (&) ¢ Q}.
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Markov property/ Mean formula/ N-measure/ exit measure
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